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We analyze the influence of the Mg concentration on several important properties of the band
structure of Zn1−xMgxO alloys in wurtzite structure using ab initio calculations. For this purpose,
the band structure for finite concentrations is defined in terms of the Bloch spectral density, which
can be calculated within the coherent potential approximation. We investigate the concentration
dependence of the band gap and the crystal-field splitting of the valence bands. The effective electron
and hole masses are determined by extending the effective mass model to finite concentrations. We
compare our results with experimental results and other calculations.
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INTRODUCTION
Zinc oxide is a promising, sustainable material
with many prospective applications, especially in opto-
electronics. It is well known that the band gap and other
properties can be tuned by adding magnesium. For Mg
concentrations up to ca. 30%, the resulting Zn1−xMgxO
alloy has wurtzite structure and a direct band gap [1].
This can be used in multilayer structures to form e.g.
light-emitting diodes [2]. Recently, a two-dimensional
electron gas with high charge carrier mobility was created
in a ZnMgO-ZnO multilayer structure [3]. This paves the
way to new fields of applications like high-frequency and
high-power devices. Tsukazaki et al. were able to mea-
sure the integer [4] as well as the fractional quantum Hall
effect [5] in ZnMgO-ZnO heterostructures. While both
require a high degree of control of the material proper-
ties, the latter is of particular interest from a fundamen-
tal research point of view, since it arises from a strongly
correlated state with extraordinary properties.
In order to advance these and other applications re-
liable numerical tools are of great value. Some of the
necessary physical parameters like the valence band ef-
fective masses are still unknown for finite concentrations.
Thus, recent calculations have to resort to linear inter-
polation between the pure components, or even use the
ZnO value for all concentrations [6]. The most important
part of the ZnO band structure, which is the bottom of
the conduction band and the top of the valence bands in
the vicinity of the Γ-point, can be well described within
the effective mass approximation. We extend this ap-
proach to finite Mg concentrations using a Bloch spectral
density [7] defined within the coherent potential approx-
imation (CPA) [8]. Thereby, we provide the bang gap,
the valence band splittings, and the electron and hole
effective masses for concentrations up to 30%.
For pure ZnO the band gap and the valence band
splittings are well established from experiments [9, 10].
While the band gap is well described by modern ab initio
methods, there are still open questions on how to com-
pare the calculated masses to experimental results [11].
Ohtomo et al. were among the first to grow and investi-
gate Zn1−xMgxO solid solution thin films with Mg con-
centrations up to 33% [1]. Among other things, they in-
vestigated the concentration dependence of the band gap.
Later studies included the cubic phase at high Mg con-
centrations [12] and provided information on the exciton
binding energies and valence band splittings [13, 14]. The
electron effective masses for finite concentrations were
obtained indirectly by fitting a model equation to exper-
imental data, and different studies obtain rather different
concentration dependencies [15, 16].
Ab initio investigations include a comprehensive se-
ries of contributions on various properties of Zn1−xMgxO
and Zn1−xCdxO by Schleife et al. They calculated the
band structure of ZnO and MgO using a HSE03+G0W0
scheme [11]. They describe alloys using a cluster ex-
pansion, i.e. a supercell calculation with a subsequent
statistical treatment employing various thermodynamic
models [17, 18]. Maznichenko et al. used the CPA to
investigate the structural phase transitions and the fun-
damental band gaps of Zn1−xMgxO alloys [19]. In this
contribution we provide results that are difficult to ob-
tain by experiments or other methods including the con-
centration dependence of the effective masses and the
valence band splittings.
THEORY
The results in this paper are obtained using a density
functional theory method. We apply the local density
approximation (LDA) for the exchange correlation func-
tional. For the self-consistent density and band struc-
ture calculation we use an implementation of the KKR-
method [20], which employs one-electron Green’s func-
tions expanded in spherical harmonics. The alloys are
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2TABLE I. Mg concentration (x) dependent lattice parame-
ters that are used in the calculations: the hexagonal lattice
constant a, the axes ratio c/a and the parameter u.
Fully relaxed c-Plane growth
a(x)/A˚ 3.2180 + 0.0354x 3.22
c(x)/a(x) 1.6096− 0.0473x 1.6068− 0.0135x
u(x) 0.3797 + 0.0097x 0.3800 + 0.0040x
described using the CPA [8, 20], which we recently im-
plemented in our KKR-code. The CPA introduces a
self-consistent effective medium, which restores the pe-
riodicity of a crystal. This allows us to calculate an av-
eraged electron density in ~k-space called Bloch spectral
density [7], which is closely related to the band struc-
ture. The CPA allows an accurate description of alloys
at a relatively low computational effort. Popescu and
Zunger proposed a different method to define an effec-
tive band structure of alloys [21]. They used a spectral
decomposition to extract an alloy band structure from
supercell calculations. This has several advantages but
requires the calculation of very large supercells.
We consider ZnO and Zn1−xMgxO in wurtzite struc-
ture, which is the equilibrium structure of ZnO at am-
bient conditions. The calculations are performed for
two sets of concentration-dependent lattice parameters:
fully relaxed and c-plane growth (i.e. with a fixed a-
parameter). The fully relaxed lattice parameters are
taken from our earlier publication reference [22], where
we used the ABINIT code to calculate the relaxed lattice
structure of Zn1−xMgxO supercells for concentrations up
to 31%. Note that we use the LDA results which are
listed in Tab. I. For the c-plane growth we perform a
similar calculation but keep the a-parameter fixed dur-
ing the relaxation. The results are given in Tab. I, for
the computational details see [22].
For most applications the part of the band structure
close to the band gap is most important. Zn1−xMgxO in
wurtzite structure has a direct band gap at the Γ-point.
In this energy range the bands are almost parabolic and
can be described by the effective mass approximation
En(~k) ≈ En(~0) + h¯
2~k2
2m∗n
, (1)
which approximates the band structure of the n-th
band En(~k) by a parabolic band starting at En(~0) with
an effective mass m∗n for small ~k. For the single conduc-
tion band with spherical symmetry this is a good approx-
imation. The effective masses of the three valence bands
differ significantly for directions of ~k along the kz-axes (‖)
and for directions in the kx-ky-plane (⊥). Hence, for the
TABLE II. Some selected results on various properties of pure
ZnO
Eg (eV) ∆AC (meV) mc/me mhh⊥/me
1.08 41.2 0.186 2.64
mhh‖/me mlh⊥/me mC⊥/me mC‖/me
3.13 0.212 3.03 0.208
valence bands it is appropriate to introduce two masses
En(~k) ≈ En(~0) + h¯
2~k2⊥
2m∗n⊥
+
h¯2~k2‖
2m∗n‖
. (2)
The effective mass approximation is illustrated in
Fig. 1 (top). The present calculations are carried out
without relativistic effects like spin-orbit interaction.
The latter introduces a small additional splitting of the
valence bands, which results in three distinct bands at
the Γ-point, which are usually labeled A, B, and C.
Without spin-orbit interaction the bands A and B are
degenerate at the Γ-point (EA(~0) = EB(~0)) and we ob-
tain the crystal-field splitting ∆AC = EA(~0)−EC(~0) and
the band gap Eg = Ec(~0)−EA(~0). The Γ-A-line has the
same symmetry and degeneracies as the Γ-point. In the
kx-ky-plane the symmetry is lower and the degeneracy
between the bands A and B is lifted. In that case these
bands have a different dispersion. A has a large effective
mass mhh (heavy hole) and B a small effective mass mlh
(light hole). The C band is also referred to as crystal-field
split-off band (mC). In order to allow for a parabolic fit,
the anticrossing of B and C is replaced by a crossing.
For pure ZnO the effective mass approximation can be
directly fitted to the calculated band structure (Fig. 1,
top). For finite concentrations of Mg the disorder leads to
a broadening of the bands in the Bloch spectral density
shown in Fig. 1 (bottom). Despite this broadening, for
the concentrations considered here (x = 0.0 − 0.3), it is
possible to fit the effective mass approximation to the
density. We consider an energy range of 26 meV for each
band for the fitting.
RESULTS AND DISCUSSION
The results from the fits for pure ZnO are shown in
Tab. II. We find that our results for ZnO are similar
to other calculated results [10]. Some of the contribu-
tions in the literature include spin-orbit interaction in
the calculation. While the electron mass is in rather good
agreement with experimental values [9], some of the hole
masses show a larger deviation. This is usually found
in ab initio calculations (see e.g. reference [10, 11, 23])
and might be due to the fact that experiments can only
measure some direction average of the hole masses [11].
The calculated band gap of 1.08 eV is too small, which
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FIG. 1. Calculated band structure of ZnO (top, dashed line) and the Bloch spectral density of Zn0.85Mg0.15O (bottom, gray
gradient), respectively, including the fitted effective mass approximation for the conduction (left) and valence bands (middle,
right) for small ~k.
is common for LDA calculations. More advanced ab
initio methods are able to predict the band gap more
accurately but give similar results for the masses (e.g.
HSE03+G0W0 in reference [11]). On the other hand,
the crystal-field splitting is in excellent agreement with
experiments [9, 10]. We analyze the concentration depen-
dence of the band gap (Fig. 2) and find a linear depen-
dence: Eg/eV = 1.08+2.03x. This linear slope is in out-
standing agreement with experimental results. Ohtomo
et al. obtained Eg/eV = 3.3 + 2.1x from transmission
spectra for the hexagonal phase and concentrations be-
tween 0 and 33% at room temperature [1]. Likewise,
Chen et al. [12] found Eg/eV = 3.32 + 2.00x at low tem-
perature for concentrations between 0 and 33% and Wu
et al. [24] obtained Eg/eV = 3.384 + 1.705x for concen-
trations between 0 and 44% at room-temperature from
optical absorption spectra. The latter two experiments
included the cubic phase at high Mg concentrations and
found a separate linear dependence with a different slope
for this phase. Our calculated band gap agrees with the
LDA result calculated by Maznichenko et al. [19]. The
small concentration range considered here does not al-
low for a sound quadratic fit, but the data supports a
small bowing in agreement with the cited experiments.
Further, we find that the crystal-field splitting ∆AC be-
tween the valence bands, shown in Fig. 2, decreases ap-
proximately linearly over the considered range of con-
centrations and thus the order of the valence bands will
eventually switch. A quadratic extrapolation yields a
vanishing crystal-field splitting at ca. x = 0.35. The con-
centration dependence of the crystal-field splitting shows
a moderate bowing which is notably reduced for the c-
plane grown Zn1−xMgxO. The reversal of the order of the
valence bands for the pure components (without spin-
orbit interaction) was also observed by Schleife et al.
using HSE03+G0W0 [11], and by Xu et al. using the
generalized gradient approximation [25]. Since the spin-
orbit interaction introduces an additional splitting of the
valence bands, the predicted concentration dependence
of the crystal-field splitting cannot be directly observed
in experiments. Nevertheless, since the additional spin-
orbit splitting is much smaller than the crystal-field split-
ting, it can be considered a small perturbation. Thus, our
result signifies a nonlinear behavior of the valence band
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FIG. 2. Band gap Eg and valence band splitting ∆AC depen-
dence on the Mg concentration x. (solid lines: fully relaxed,
dashed: c-plane grown, the points show the calculated results,
while the connecting lines are just a guide for the eye)
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FIG. 3. Electron effective masses mc dependence on the
Mg concentration x. (solid lines: fully relaxed, dashed: c-
plane grown, the points show the calculated results, while the
connecting lines are just a guide for the eye)
splittings. Furthermore, this small perturbation can only
have a very weak influence on the effective masses. The
splittings are difficult to measure for finite concentrations
and this has not yet been verified in experiments [13, 14].
The electron effective mass is presented in Fig. 3 and we
find an increase with the Mg concentration in accordance
with experimental results [15, 16]. A linear fit results in
mc/me = 0.186+0.267x. Lu et al. [16] found a linear de-
pendence with a larger slope, while the results by Cohen
et al. [15] suggest a quadratic dependence. All our cal-
culated hole effective masses shown in Fig. 4 and Fig. 5
have a fair concentration dependence, which is quite dif-
ferent for each band. All hole masses increase for small
concentrations x < 0.15 and some decrease after a max-
imum in the considered concentration range. A linear
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FIG. 4. The dependence of the hole effective masses for the
light holes on the Mg concentration x. (solid lines: fully re-
laxed, dashed: c-plane grown, the points show the calculated
results, while the connecting lines are just a guide for the eye)
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FIG. 5. The dependence of the hole effective masses for the
heavy holes on the Mg concentration x. (solid lines: fully re-
laxed, dashed: c-plane grown, the points show the calculated
results, while the connecting lines are just a guide for the eye)
interpolation does not seem appropriate for any of the
hole masses. We are not aware of any experimental or
theoretical investigations of the hole effective masses for
finite Mg concentrations. We find a very similar behav-
ior of the effective masses for the two growing conditions
considered.
CONCLUSIONS
The influence of the Mg concentration on the band
structure and in particular the effective masses of
Zn1−xMgxO alloys is analyzed using ab initio calcula-
tions. We find that the Mg concentration has a strong
influence on the band energies and a fair influence on the
5effective masses. While the band gap increases linearly,
the crystal-field splitting decreases. The electron mass
increases linearly and the hole masses show a rather com-
plicated and unexpected concentration dependence. Our
results are mostly in good agreement with experiments
and can be helpful for the simulation of devices.
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